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Degrees of freedom

S =
1

2κ2

∫
d4x
√
−g

(
R

)

F(Φ)−Zαβ(Φ)gµν∂µΦα∂νΦβ − 2κ2U(Φ) + Sm[gµν , χm] ,

Φ ≡ {Φα}Nα=1 .

Einstein-Hilbert (EH) Lagrangian density

action for matter fields χm
kinetic terms for N scalar fields
non-canonical kinetic terms for scalar fields
self-interaction terms, i.e. potential for scalar fields
non-minimal coupling of the scalar field to EH Lagrangian density
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µν∂µΦα∂νΦβ − 2κ2U
)

+ Sm[gµν , χm] ,

Φ ≡ {Φα}Nα=1 .

⇒ Φα = Φα(Φα′
) .

As propagating degrees of freedom

metric gµν degree of freedom,
N scalar degrees of freedom.

In addition we are actually considering a family of theories characterized by:

2

+
N(N + 1)

2
− N = 2 +

N(N − 1)

2
functional degrees of freedom.
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Why does one consider multiscalar-tensor (MSTG) theories?

In order to give theoretical reasoning to dark energy, in this case residing in the
potential U(Φ) of the scalar fields. Let us also point out that the potential U
behaves similarly to the cosmological constant Λ.
Nonminimal couplings are typically generated by quantum corrections and arise in
the effective models of higher dimensional theories.
A number of models can be recast into MSTG form, e.g.

In case the Lagrangian is a function of higher derivatives of the curvature,
f (R;�iR), each such argument can be converted to a nonmimimal scalar in MSTG.

S =
1

2κ2

∫ √
−gd4x f

(
R,�R,�2R, . . . ,�nR

)
+ Sm [gµν , χm]

etc.

Once we have been attracted by such theories, we must determine what constraints
must be validated in order to pass the Solar system tests.

In order to check soundness
the Parametrized Post-Newtonian (PPN) scheme has been put forth.
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FR −Zαβg

µν∂µΦα∂νΦβ − 2κ2U
)

+ Sm[gµν , χm] ,

δS

δgµν
= 0 ⇒ F

↑

(Rµν −
1
2
gµνR) + gµν�F −∇µ∇νF +

1
2
gµνZαβ∇ρΦα∇ρΦβ

GN = GN(Φ)

−Zαβ∇µΦα∇νΦβ + κ2gµν U

↑
Λ = Λ(Φ)

= κ2T (χ)
µν ,

δS

δΦα
= 0 ⇒ Fαβ�Φβ = Eα −KαT

(χ) , Fαβ ≡
1

4F2

(
2FZαβ + 3

∂F
∂Φα

∂F
∂Φβ

)
,

Kα = −κ2 1
4F2

∂F
∂Φα

, K2 ≡ KαFαβKβ

Eα =
(
− 3
4F2

∂F
∂Φα

∂2F
∂Φβ∂Φδ

∂ρΦβ∂ρΦδ − 1
4F2

∂F
∂Φα
Zβδ∂ρΦβ∂ρΦδ

+
1
4F

∂Zβδ

∂Φα
∂ρΦβ∂ρΦδ − 1

2F
∂Zαβ

∂Φδ
∂ρΦβ∂ρΦδ − 1

F2
∂F
∂Φα

κ2U +
κ2

2F
∂U
∂Φα

)
,
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The PPN formalism has been developed to extract standardized information – the
PPN parameters – characteristic of the slow motion weak field regime of metric
gravity theories.

The PPN calculations are done order by order. In other words orders of magnitude
are ascribed to all quantities relative to the velocity v i = ui/u0 of the source
matter, which is taken to be a first order small quantity.
In analogy with GR, gravity is sourced by matter, which is modeled by a perfect
fluid.
In the PPN approach it is argued that up to second order, that is necessary for
calculating the Eddington parameter γ, the only surviving component of the
stress-energy tensor T (χ)

µν is

T
(χ)
00 = −T (χ) = ρ ∝ O(2) ,

where ρ is the energy density.
In the calculation we specify the matter source to be a point mass M0 residing at
the origin of spatial coordinates, ρ = M0δ(r).
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The PPN formalism assumes that asymptotically the spacetime is flat, i.e. that the
background metric is Minkowskian

(0)

g µν = ηµν and the scalar field is at some

constant value
(0)

Φ = const.

In order to check the consistency conditions, let us study the equations of motion.

Rµν =
1
F

[
κ2
(
Tµν −

1
2
gµνT

)
+ κ2gµνU + gµν�F −

1
2
gµν∇ρ∇ρF

+∇µ∇νF + Zαβ∇µΦα∇νΦβ

]
,

Analogously for the scalar equation of motion

= Eγ ,

Eγ = Fγα
( κ2

2F
∂U
∂Φα

− 1
F2

∂F
∂Φα

κ2U − 3
4F2

∂F
∂Φα

∂2F
∂Φβ∂Φδ

∂ρΦβ∂ρΦδ

− 1
4F2

∂F
∂Φα
Zβδ∂ρΦβ∂ρΦδ +

1
4F

∂Zβδ

∂Φα
∂ρΦβ∂ρΦδ − 1

2F
∂Zαβ

∂Φδ
∂ρΦβ∂ρΦδ

)
,

Hence we obtain that the potential U and also its first derivative must be
asymtotically vanishing (Minkowski background does not allow cosmological
constant Λ).
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The PPN formalism has been developed to extract standardized information – the
PPN parameters – characteristic of the slow motion weak field regime of metric
gravity theories.
The PPN calculations are done order by order. In other words orders of magnitude
are ascribed to all quantities relative to the velocity v i = ui/u0 of the source
matter, which is taken to be a first order small quantity.
In analogy with GR, gravity is sourced by matter, which is modeled by a perfect
fluid.
In the PPN approach it is argued that up to second order, that is necessary for
calculating the Eddington parameter γ, the only surviving component of the
stress-energy tensor T (χ)

µν is

T
(χ)
00 = −T (χ) = ρ ∝ O(2) ,

where ρ is the energy density.
In the calculation we specify the matter source to be a point mass M0 residing at
the origin of spatial coordinates, ρ = M0δ(r).
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)
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Hence we obtain that the potential U and also its first derivative must be
asymtotically vanishing (Minkowski background does not allow cosmological
constant Λ).
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The perturbed spacetime metric is taken to be a perturbed Minkowski metric
gµν = ηµν + hµν .

Only the metric components of order O(2), written as
(2)

h 00 = 2Geff UN(r) ,
(2)

h ij = 2Geff γUN(r) δij ,

are relevant for the calculation of the PPN parameter γ.

Here Geff is the effective
gravitational constant and UN(r) = M0

r is the Newtonian gravitational potential
which depends on the distance from the source point mass.

Also the perturbed scalar field is given as

Φα(xµ) =
(0)

Φα +
(2)

Φα(xµ) .

When writing down the equations for perturbed variables we take into account
that the time derivatives are weighted with an additional velocity order O(1).
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The PPN formalism has been developed to extract standardized information – the
PPN parameters – characteristic of the slow motion weak field regime of metric
gravity theories.
The PPN calculations are done order by order. In other words orders of magnitude
are ascribed to all quantities relative to the velocity v i = ui/u0 of the source
matter, which is taken to be a first order small quantity.
In analogy with GR, gravity is sourced by matter, which is modeled by a perfect
fluid.
In the PPN approach it is argued that up to second order, that is necessary for
calculating the Eddington parameter γ, the only surviving component of the
stress-energy tensor T (χ)

µν is

T
(χ)
00 = −T (χ) = ρ ∝ O(2) ,

where ρ is the energy density.
In the calculation we specify the matter source to be a point mass M0 residing at
the origin of spatial coordinates, ρ = M0δ(r).
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The equation for the scalar field

∇2
(2)

Φγ =Mγ
α

(2)

Φα + kγρ ,

where kγ = Kγ |0 and the components of the “mass matrix” are

Mγ
α =

[
κ2

2F
Fγβ ∂2U

∂Φβ∂Φα

]
0
.

The equation for
(2)

h 00

∇2
(

(2)

h 00 −
1
F0

∂F
∂Φα

∣∣∣∣
0

(2)

Φα

)
= − κ

2

F0
ρ .

The equation for
(2)

h ij

∇2
(

(2)

h ij +
1
F0
δij
∂F
∂Φα

∣∣∣∣
0

(2)

Φα

)
= − κ

2

F0
δijρ .
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S =
1

2κ2

∫
d4x
√
−g
(
FR −Zαβg

µν∂µΦα∂νΦβ − 2κ2U
)

+ Sm[gµν , χm] ,

δS

δgµν
= 0 ⇒ F

↑

(Rµν −
1
2
gµνR) + gµν�F −∇µ∇νF +

1
2
gµνZαβ∇ρΦα∇ρΦβ

GN = GN(Φ)

−Zαβ∇µΦα∇νΦβ + κ2gµν U = κ2T (χ)
µν ,

δS

δΦα
= 0 ⇒ Fαβ�Φβ = Eα −KαT

(χ) , Fαβ ≡
1

4F2

(
2FZαβ + 3

∂F
∂Φα

∂F
∂Φβ

)
,

Kα = −κ2 1
4F2

∂F
∂Φα

,

K2 ≡ KαFαβKβ

Eα =
(
− 3
4F2

∂F
∂Φα

∂2F
∂Φβ∂Φδ

∂ρΦβ∂ρΦδ − 1
4F2

∂F
∂Φα
Zβδ∂ρΦβ∂ρΦδ

+
1
4F

∂Zβδ

∂Φα
∂ρΦβ∂ρΦδ − 1

2F
∂Zαβ

∂Φδ
∂ρΦβ∂ρΦδ − 1

F2
∂F
∂Φα

κ2U +
κ2

2F
∂U
∂Φα

)
,
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∇2
(2)

Φγ =Mγ
α

(2)

Φα + kγρ ,

It is easier to integrate the scalar field equation when the mass matrix is turned
into its Jordan normal form, J(β)

(δ) = (P−1)
(β)

γMγ
αPα

(δ). Here the similarity
matrix P is constructed from the components of the eigenvectors or generalized
eigenvectors of the mass matrix.

Let us assume that the matrixMγ
α is diagonalizable (for full treatment see the

preprint). The solution is given by
(2)

Φα = −M0

4πr
Pα

(β)E
(β)

(δ)(P−1)(δ)
γk

γ ,

where the radius dependence is encoded in the matrix

E
(β)

(δ) =
(
e−
√
Jr
)(β)

(δ)
= e−m[δ]rδ

(β)
(δ) .
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(2)

h 00 = 2 ·
(

κ2

8πF0
(1− Γ(r))

)
· M0

r
,

(2)

h ij = 2 · κ2

8πF0
(1 + Γ(r)) · M0

r
δij ,

Γ(r) = −4F2
0

κ4

[
kαP

α
(β)E

(β)
(δ)(P−1)(δ)

γk
γ
]
,

Let us recall the form of metric perturbations
(2)

h 00 = 2Geff
M0

r
,

(2)

h ij = 2Geff γ
M0

r
δij ,

Hence

Geff =
κ2

8πF0
(1− Γ(r)) ,

γ =
1 + Γ(r)

1− Γ(r)
.

For general relativity γ = 1.
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The equation for the scalar field

∇2
(2)

Φγ =Mγ
α

(2)

Φα + kγρ ,

where kγ = Kγ |0 and the components of the “mass matrix” are

Mγ
α =

[
κ2

2F
Fγβ ∂2U

∂Φβ∂Φα

]
0
.

The equation for
(2)

h 00

∇2
(

(2)

h 00 −
1
F0

∂F
∂Φα

∣∣∣∣
0

(2)

Φα

)
= − κ

2

F0
ρ .

The equation for
(2)

h ij

∇2
(

(2)

h ij +
1
F0
δij
∂F
∂Φα

∣∣∣∣
0

(2)

Φα

)
= − κ

2

F0
δijρ .
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The perturbed spacetime metric is taken to be a perturbed Minkowski metric
gµν = ηµν + hµν .
Only the metric components of order O(2), written as

(2)

h 00 = 2Geff UN(r) ,
(2)

h ij = 2Geff γUN(r) δij ,

are relevant for the calculation of the PPN parameter γ. Here Geff is the effective
gravitational constant and UN(r) = M0

r is the Newtonian gravitational potential
which depends on the distance from the source point mass.
Also the perturbed scalar field is given as

Φα(xµ) =
(0)

Φα +
(2)

Φα(xµ) .

When writing down the equations for perturbed variables we take into account
that the time derivatives are weighted with an additional velocity order O(1).
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The radius dependent part in both Geff and γ, namely

Γ(r) = −4F2
0

κ4

[
kαP

α
(β)E

(β)
(δ)(P−1)(δ)

γk
γ
]
,

seems rather complicated, but if the “mass matrix” is diagonalizable, then it has a nice
geometric interpretation.

Pα
(δ) = vα(δ) , Mγ

αv
α

(δ) = m2
[δ]v

γ
(δ) , E

(β)
(δ) =

(
e−
√
Jr
)(β)

(δ)
= e−m[δ]rδ

(β)
(δ) .

The deviation term can now be unrevealed as

Γ(r) = −4F2
0

κ4 |k |
2
∑
δ

cos2(ϑ(δ))e−m[δ]r ,

where the scalar product of the mass matrix eigenvector, v(δ), and the vector of
nonminimal coupling in spatial asymptotics, k , has been written in terms of the angle
ϑ(δ) between them.
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∇2
(2)

Φγ =Mγ
α

(2)

Φα + kγρ ,

It is easier to integrate the scalar field equation when the mass matrix is turned
into its Jordan normal form, J(β)

(δ) = (P−1)
(β)

γMγ
αPα

(δ). Here the similarity
matrix P is constructed from the components of the eigenvectors or generalized
eigenvectors of the mass matrix.
Let us assume that the matrixMγ

α is diagonalizable (for full treatment see the
preprint). The solution is given by

(2)

Φα = −M0

4πr
Pα

(β)E
(β)

(δ)(P−1)(δ)
γk

γ ,

where the radius dependence is encoded in the matrix

E
(β)

(δ) =
(
e−
√
Jr
)(β)

(δ)
= e−m[δ]rδ

(β)
(δ) .
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S =
1

2κ2

∫
d4x
√
−g
(
FR −Zαβg

µν∂µΦα∂νΦβ − 2κ2U
)

+ Sm[gµν , χm] ,

δS

δgµν
= 0 ⇒ F

↑

(Rµν −
1
2
gµνR) + gµν�F −∇µ∇νF +

1
2
gµνZαβ∇ρΦα∇ρΦβ

GN = GN(Φ)

−Zαβ∇µΦα∇νΦβ + κ2gµν U = κ2T (χ)
µν ,

δS

δΦα
= 0 ⇒ Fαβ�Φβ = Eα −KαT

(χ) , Fαβ ≡
1

4F2

(
2FZαβ + 3

∂F
∂Φα

∂F
∂Φβ

)
,

Kα = −κ2 1
4F2

∂F
∂Φα

, K2 ≡ KαFαβKβ

Eα =
(
− 3
4F2

∂F
∂Φα

∂2F
∂Φβ∂Φδ

∂ρΦβ∂ρΦδ − 1
4F2

∂F
∂Φα
Zβδ∂ρΦβ∂ρΦδ

+
1
4F

∂Zβδ

∂Φα
∂ρΦβ∂ρΦδ − 1

2F
∂Zαβ

∂Φδ
∂ρΦβ∂ρΦδ − 1

F2
∂F
∂Φα

κ2U +
κ2

2F
∂U
∂Φα

)
,
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γ =
1 + Γ(r)

1− Γ(r)
, Geff =

κ2

8πF0
(1− Γ(r)) , Γ(r) = −4F2

0
κ4 |k |

2
∑
δ

cos2(ϑ(δ))e−m[δ]r .

General relativity predicts γ = 1 which is in good agreement with experiment.

For a multiscalar-tensor theory therefore we must have

Γ(r)→ 0 .

This can be achieved by sufficiently massive scalar fields (m[δ] →∞), which is
intuitively clear, because massive field means short range interaction or form
particle physics viewpoint, the scalar particle mediating gravity decays before
reaching its destination.
The effect of less massive fields can be diminished, if the corresponding basis
vectors are taken to be perpendicular (ϑ(δ) → π/2) to the non-minimal coupling
vector kα.
Third option is to reduce the length of the nonminimal coupling vector, i.e.
|k |2 → 0.

M. Hohmann, L. Järv, P. Kuusk, E. Randla, O. Vilson PPN γ for MSTG 12 / 13



Action functional
Motivation

Equations of motion
Parametrized Post-Newtonian approximation

Conclusions

γ =
1 + Γ(r)

1− Γ(r)
, Geff =

κ2

8πF0
(1− Γ(r)) , Γ(r) = −4F2

0
κ4 |k |

2
∑
δ

cos2(ϑ(δ))e−m[δ]r .

General relativity predicts γ = 1 which is in good agreement with experiment.
For a multiscalar-tensor theory therefore we must have

Γ(r)→ 0 .

This can be achieved by sufficiently massive scalar fields (m[δ] →∞), which is
intuitively clear, because massive field means short range interaction or form
particle physics viewpoint, the scalar particle mediating gravity decays before
reaching its destination.
The effect of less massive fields can be diminished, if the corresponding basis
vectors are taken to be perpendicular (ϑ(δ) → π/2) to the non-minimal coupling
vector kα.
Third option is to reduce the length of the nonminimal coupling vector, i.e.
|k |2 → 0.

M. Hohmann, L. Järv, P. Kuusk, E. Randla, O. Vilson PPN γ for MSTG 12 / 13



Action functional
Motivation

Equations of motion
Parametrized Post-Newtonian approximation

Conclusions

γ =
1 + Γ(r)

1− Γ(r)
, Geff =

κ2

8πF0
(1− Γ(r)) , Γ(r) = −4F2

0
κ4 |k |

2
∑
δ

cos2(ϑ(δ))e−m[δ]r .

General relativity predicts γ = 1 which is in good agreement with experiment.
For a multiscalar-tensor theory therefore we must have

Γ(r)→ 0 .

This can be achieved by sufficiently massive scalar fields (m[δ] →∞), which is
intuitively clear, because massive field means short range interaction or form
particle physics viewpoint, the scalar particle mediating gravity decays before
reaching its destination.

The effect of less massive fields can be diminished, if the corresponding basis
vectors are taken to be perpendicular (ϑ(δ) → π/2) to the non-minimal coupling
vector kα.
Third option is to reduce the length of the nonminimal coupling vector, i.e.
|k |2 → 0.

M. Hohmann, L. Järv, P. Kuusk, E. Randla, O. Vilson PPN γ for MSTG 12 / 13



Action functional
Motivation

Equations of motion
Parametrized Post-Newtonian approximation

Conclusions

γ =
1 + Γ(r)

1− Γ(r)
, Geff =

κ2

8πF0
(1− Γ(r)) , Γ(r) = −4F2

0
κ4 |k |

2
∑
δ

cos2(ϑ(δ))e−m[δ]r .

General relativity predicts γ = 1 which is in good agreement with experiment.
For a multiscalar-tensor theory therefore we must have

Γ(r)→ 0 .

This can be achieved by sufficiently massive scalar fields (m[δ] →∞), which is
intuitively clear, because massive field means short range interaction or form
particle physics viewpoint, the scalar particle mediating gravity decays before
reaching its destination.
The effect of less massive fields can be diminished, if the corresponding basis
vectors are taken to be perpendicular (ϑ(δ) → π/2) to the non-minimal coupling
vector kα.

Third option is to reduce the length of the nonminimal coupling vector, i.e.
|k |2 → 0.

M. Hohmann, L. Järv, P. Kuusk, E. Randla, O. Vilson PPN γ for MSTG 12 / 13



Action functional
Motivation

Equations of motion
Parametrized Post-Newtonian approximation

Conclusions

γ =
1 + Γ(r)

1− Γ(r)
, Geff =

κ2

8πF0
(1− Γ(r)) , Γ(r) = −4F2

0
κ4 |k |

2
∑
δ

cos2(ϑ(δ))e−m[δ]r .

General relativity predicts γ = 1 which is in good agreement with experiment.
For a multiscalar-tensor theory therefore we must have

Γ(r)→ 0 .

This can be achieved by sufficiently massive scalar fields (m[δ] →∞), which is
intuitively clear, because massive field means short range interaction or form
particle physics viewpoint, the scalar particle mediating gravity decays before
reaching its destination.
The effect of less massive fields can be diminished, if the corresponding basis
vectors are taken to be perpendicular (ϑ(δ) → π/2) to the non-minimal coupling
vector kα.
Third option is to reduce the length of the nonminimal coupling vector, i.e.
|k |2 → 0.

M. Hohmann, L. Järv, P. Kuusk, E. Randla, O. Vilson PPN γ for MSTG 12 / 13



Action functional
Motivation

Equations of motion
Parametrized Post-Newtonian approximation

Conclusions

γ =
1 + Γ(r)

1− Γ(r)
, Geff =

κ2

8πF0
(1− Γ(r)) , Γ(r) = −4F2

0
κ4 |k |

2
∑
δ

cos2(ϑ(δ))e−m[δ]r .

General relativity predicts γ = 1 which is in good agreement with experiment.
For a multiscalar-tensor theory therefore we must have

Γ(r)→ 0 .

This can be achieved by sufficiently massive scalar fields (m[δ] →∞), which is
intuitively clear, because massive field means short range interaction or form
particle physics viewpoint, the scalar particle mediating gravity decays before
reaching its destination.
The effect of less massive fields can be diminished, if the corresponding basis
vectors are taken to be perpendicular (ϑ(δ) → π/2) to the non-minimal coupling
vector kα.
Third option is to reduce the length of the nonminimal coupling vector, i.e.
|k |2 → 0.

M. Hohmann, L. Järv, P. Kuusk, E. Randla, O. Vilson PPN γ for MSTG 12 / 13



Action functional
Motivation

Equations of motion
Parametrized Post-Newtonian approximation

Conclusions

1 Action functional
Action
Degrees of freedom

2 Motivation

3 Equations of motion

4 Parametrized Post-Newtonian approximation
Sources
Asymptotics
Perturbations
Equations for perturbed variables
Solutions
Geometric interpretation

5 Conclusions

M. Hohmann, L. Järv, P. Kuusk, E. Randla, O. Vilson PPN γ for MSTG 13 / 13


	Action functional
	Action
	Degrees of freedom

	Motivation
	Equations of motion
	Parametrized Post-Newtonian approximation
	Sources
	Asymptotics
	Perturbations
	Equations for perturbed variables
	Solutions
	Geometric interpretation

	Conclusions

