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Lecture 4 : Synchrotron Radiation

4.1 FUNDAMENTALS

A charged particle moving in a magnetic field radiates en-
ergy. At non-relativistic velocities, this results in cyclotron
radiation while at relativistic velocities it results in syn-
chrotron radiation. This latter is a very important source
of radiation in astrophysics.

The relativistic form of the equation of motion of a par-
ticle in a magnetic field is
%(’ymv) = %v x B (4.1)

where v is the velocity vector of a particle of charge
g, the magnetic and electric vectors are B and E, m is the
mass, and 7y is the usual Lorentz factor.

Since the force on the particle is perpendicular to the
motion, the magnetic field cannot do work on the particle,
and so its speed does not change, i.e. |[v| = constant. The
particle has constant speed v, but its direction may change.
Eqn 4.1 can thus be written

dv ¢

— = =v x B. 4.2
g T (4.2)

Now consider the directions perpendicular and parallel
to the magnetic field B. Let v have components v, and v

along these directions. Then

dv
d—t” =0 (4.3)
and
v _ a4, g (4.4)
dt yme
Eqn 4.3 gives |yj| = constant and eqn 4.4 gives

|vi| =constant (since v x B. is perpendicular to v).

The motion is very simple; it is uniform and circular
around the field lines of the magnetic field B. If the velocity
along the field lines is non-zero, then the particle moves in
a helical path along the field.

Eqn 4.4 gives the acceleration of the particle, which may
be related to the centrifugal acceleration:

U2

2 =2 yBsina (4.5)
T ymec

where r is the radius of the orbit around the field lines,
and is called the “radius of gyration”, and « is the so-called
“pitch angle” or the inclination of the velocity vector to the
magnetic field lines. For motion perpendicular to the fields,
a=m/2

Consider that the particle is an electron of charge e and
mass me, and the acceleration is denoted a.

Problem 4.1 Show that the electron acceleration is given
by
eBB

a=Z (4.6)

where b = v/c.
Show that the radius of gyration r is given by

2
ymec”
=—. 4.
’ eB (4.7)
Show that the period of gyration P is given by
2mymec
P=—== 4.
-B (4.8)
and that the frequency of gyration, wg, is given by
2T eB
= — = 4.
wB P Ymec ( 9)

4.2 POWER EMITTED IN THE
SYNCHROTRON PROCESS

The total emitted power for a relativistic particle of charge
q under an acceleration a is

2¢° 4 »
Pret = 3379 (4.10)

which turns out to be larger by a factor of 4* than
the power emitted in the non-relativistic case (i.e Larmor’s
formula in Lecture 3)
2 2
Pnon—rel = 3_330/2- (411)

The relativistic version of the Larmor formula follows
from considering the power produced in the frame of the par-
ticle (for which Larmor’s formula applies) and then trans-
forming to the laboratory frame using the Lorentz tranfor-
mations.

Problem 4.2 Show that radiation emission for a relativistic
electron moving in a magnetic field B is given by

P= %rgcﬁf_'y232 (4.12)

where 81 = vy /c and ro = €?/mec? is a quantity called
the classical electron radius.

Eqgn 4.12 is the power emitted by an electron moving in
a magnetic field and producing synchrotron radiation.

4.3 ISOTROPIC SYNCHROTRON EMISSION

Consider relativistic electrons with isotropically distributed
velocity vectors (i.e. they have a velocity directed with equal
probability in all directions). Denote the angle between a
given velocity vector and the magnetic field line by o, which
is termed the pitch angle. Then
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Figure 4.1. Beaming effect for a relativistic electron emitting
synchrotron radiation. In panel (a), a non-relativistic electron
moving in a magnetic field emits in the classical manner into
two lobes with power proportional to sin®@, where 8 is the an-
gle between the emission direction and the acceleration vector. In
panel (b), the beaming effect on the radiation is illustrated for a
relativistic photon. The main emission power is beamed into an
angle of order 2/+, where «y is the Lorentz factor.

B1 = Bsina (4.13)
and averaging 1 over all pitch angles «, we get
2 2 2
< Bl >= % /sin2adQ = % (4.14)

Problem 4.3 Show that the total power, P, for an
isotropic distribution of synchrotron emitting particles is

4 .
Piso = gaTcﬂszB (4.15)

where o7 = 8mr3/3 is the Thomson cross-section and
Up is the magnetic energy density of the field, Up =
B?/8r.

4.4 SYNCHROTRON BEAMING

The power emitted by an accelerated particle has a char-
acteristic two-lobe distribution around the direction of the
acceleration, illustrated in Fig 4.1. The dependence of the
power emitted P, on the angle relative to the direction of
the acceleration, 6 is given by

P(6) = P(0)cosf. (4.16)

Synchrotron emission is strongly beamed along the di-
rection of motion, which turns out to be perpendicular to the
acceleration. Relativistic boosting of the power takes place
along the direction of motion by a factor 42, and the effect
of this is illustrated in Figure 4.1. The emission is concen-
trated into an angle along the direction of motion of order

1/7.

Problem 4.4 The relativistic abberation formula relates
the angle o/ at which radiation is emitted by an accelarated
charge to its direction of motion and in its own frame, to
the angle a, which an external observer measures between
the emission and the direction of motion.

: !
1 sina

(1 + Bcosa’)

a =sin~

(4.17)

Show that at 99.9% of the speed of light :

e Radiation originally emitted at 45° to the direction of
the velocity is seen by the observer only 1° away from it.

e The points of null radiation, at 90° to the velocity in
the electron’s frame, appear directed 2.5° away from it to
the external observer.

e Show that the null power points of the emission in the
electron’s frame in general appear at an angle y~' radians
in the external frame, and thus to a good approximation the

beam width is given by 2y 1.

4.5 SYNCHROTRON SPECTRUM

The beaming of the radiation has a very important effect
on the observed spectrum emitted by the electron. As the
electron cycles around the helical path along the magnetic
field line, any emission directed toward a distant observer is
seen only when the beam is aligned with the observer’s line-
of-sight. In this case the observer sees a “flash” of radiation
for a period which is much shorter than the gyration period.
For non-relativistic motion, the gyration frequency wp gives
the frequency of the emitted radiation directly,

v =wB2w (4.18)

whereas, in the synchrotron case the characteristic fre-
quency of the emission is at a critical frequency v., where
3 2

B
= 3ws _3veB (4.19)

Ve 2 2mec

A detailed analysis shows that the peak emission is ac-
tually at

Vpeak =— 0-297/0- (420)

The overall spectrum of the emission consists of the
sum of a large number of harmonics of the basic cyclotron
emission. The summed spectrum is relatively peaked, with
maximum emission at 0.29 v., and with intensity I(v) drop-
ping like (see figure 4.2).

() o ()'/°

c

for v K v (4.21)

I(v) (Vl)l/zexp(—u/nuc) for v > ve. (4.22)

4.6 SYNCHROTRON COOLING

The electrons in a plasma emitting synchrotron radiation
are cooling down. The time scale for this to occur is given
by the energy of the electrons divided by the rate at which
they are radiating away their energy. The energy E is

E =~ym.c® (4.23)
and the synchrotron radiation rate is given by Eqn 4.12

4
Pigo = gaTc,BzAﬁUB (4.24)

Hence, the cooling time of the electrons, 7 is given by

2
3mec

=— 4.2
T 40'TCUB")/,32 ( 5)
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Figure 4.2. Synchrotron spectrum showing the characteristic
peak emission at 0.29 v..

A further useful result is that at frequency v, the
Lorentz factor is given by

2_2ymec
T 3°eB’

~y (4.26)

4.7 CASE STUDY : THE CRAB NEBULA

The Crab is an approximately 900 year old supernova
remnant. The supernova explosion was seen by Chinese
astronomers on July 4th, 1054, and was so bright it could
be seen by day. It was described by them as a “guest star”.
It was visible for about a month by day and for about two
years at night. The Messier number for the Crab is M1 (the
Messier catalog is a list of about 100 faint “fuzzy” objects
noted by the great French astronomer and comet hunter,
Messier). Images of the crab now are shown in figures 4.3,
4.4 and 4.5.

Some historical information on the crab is at
http://oposite.stsci.edu/pubinfo/PR /1996 /22 /PR.html

The crab was the first radio source to be identified with
an optical object (other than the Sun), by Bolton in 1948. In
the radio region the spectrum is like a power law, with index
~ 0.3, and the source is also polarised (at 3 cm wavelength
by about 7%) with a similar amount detected in the optical.
All of these are strong evidence for synchrotron emission.

The Crab is thought to be the result of a so-called Type
I Supernova. It is about 2 kpc distant and has an angular
size of about 4 arc-minutes.

Images of the Crab in X-ray, optical, IR and radio
can be seen in Fig 4.6, with further details provided at
http://chandra.harvard.edu/photo/0052/what.html.

A spectrum is shown in Fig 4.7, showing the synchron-
tron spectrum with a turnover at about 100 keV. There is
possibly a inverse-Comptonised spectrum at very high ener-
gies (10*° —10'2) eV. More about Compton scattering later
in the course.
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Figure 4.3. Optical image of the Crab Nebula (M1) in Taurus.
The object appears today as an expanding, roughly spherical gas
cloud with a very filamentary structure. Source : Hubble Space
Telescope.

Figure 4.4. Zoomed in image of the Crab Nebula (i.e. of the
square region marked in Fig 4.3), showing the filamentary struc-
ture. The emission from these filaments is mostly in Hydrogen
and Oxygen lines, although the total optical emission of the rem-
nant is dominated by the synchrotron process. Source : Hubble
Space Telescope.

4.7.1 The Pulsar and the Crab’s Luminosity

The total luminosity of the Crab is L ~ 5 x 10% erg sec™*.

Consider electrons in the Crab Nebula synchrotron ra-
diating at 20 keV (n.b. leV = 1.602 x 1072 erg) or
v = 4.8 x 10'® Hz, for a magnetic field strength of order
10~* Gauss. For these electrons the Lorentz factor is

v R4 x107 (4.27)
the electron energy is

E = ym.c® = 30 erg (4.28)
and the emitted power is

P=17x10"% ergs™". (4.29)
The cooling time is of order

T = % =50 yr (4.30)

which is much shorter than the age of the nebula. This
indicates that there must be a fresh supply of high energy



Figure 4.5. A more detailed zoomed in image (i.e. of the square
region in Fig 4.4). This image shows the central regions for which
emission is dominated by electrons and the synchrotron process.
The source of the electrons is probably the central pulsar, or
neutron star (seen here as one of the two bright stars near the
center). A very interesting animation of the effect on the sur-
rounding plasma caused during the rotation period of the pulsar
is at http://oposite.stsci.edu/pubinfo/PR/1996/22.html. Source:
Hubble Space Telescope.

Figure 4.6. Im-
ages of the Crab in radio, infrared, optical and X-ray. Source :
http://chandra.harvard.edu/photo/0052/what.html.

electrons into the nebula: the pulsar is the usual culprit im-
plicated in this matter, since its spin-down energy loss is
very close to the synchrotron energy output.

The synchrotron spectrum turns over (figure 4.7) at
about 10'® Hz (or 40 eV). The cooling time at this frequency
is about 1300 years, which is of the same order as the age
of the nebula.

The pulsar (or neutron star) in the Crab Nebula rotates
with a frequency of w = 190 sec™ !, and is slowing down at

a rate ‘fi—‘: =-24x%x10"2 sec”2.

Problem 4.5 Consider the pulsar to be a solid body of
uniform density with mass M and radius R, for which the
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Figure 4.7. Spectrum of the Crab over a very wide range of
energies. The emission is dominated by synchrotron radiation,
and at at very high energies (1019712 ¢V) there may be an inverse-
Compton component. Source : Hillas et al 1998, ApJ, 503, 744.

moment of inertia, I = %M R? and the rotational energy is
E=1Iu°

a) show that the pulsar is losing energy at a rate given by
dE dw

— =Jw—. 4.31
at " dt (4.31)
b) If the mass of the pulsar is M ~ 1M and the radius is
R = 10 km, show that energy is being lost by the pulsar at
a rate which is very close to the observed luminosity of the
surrounding nebula.

The nebula emits X-rays at 10° eV, which can be asso-
ciated with the peak of the synchrotron spectrum at 0.29v,.
The magnetic field in the nebula has a strength of B =~ 1074
Gauss.

Problem 4.6 Show that the electrons which produce these
X-rays have

2 2 mec
Hence compute the energy of the electrons producing this
radiation, and the synchrotron power radiated per electron
if they are isotropic. How long can the electrons radiate X-
rays at this rate? Show that this is much shorter than the

known age of the Crab.

The previous problem shows that the electrons in the
Crab can radiate away their KE in a time much shorter than
the age of the Crab itself. One might conclude from this that
there is a continuous source of fresh, high energy electrons
being injected into the nebula from the central pulsar.

Problem 4.7 The synchrotron spectrum of the Crab shows
a change of slope at around 10*® Hz, thought to be due to
the high energy electrons, which are able to radiate their
energy away in a time shorter than the age of the nebula.



Show that at this frequency the electrons have a lifetime
which is about the same as the age of the Nebula, if the
magnetic field strength is B = 10~* Gauss.

Problem 4.8 One mechanism for the pulsar to lose energy
is magnetic dipole radiation. If the spin axis of the pulsar is
at an angle 6 to the magnetic axis, then the rotating mag-
netic field radiates energy at a rate

2
P= §m2w4sin29 (4.33)

where m is the magnetic dipole moment.
By equating P with —dE/dt above, show that

Iw(fi—‘: aw! (4.34)
and hence that

1,1 1
t:%(ﬁ_m (4.35)

2

where C is a constant and w; is the initial rotation rate of
the pulsar.

Using the current rotation rate w and the current slow-
down rate 4 to show that C' = 3.49 x 107 % sec. (w = 190
sec™!, and C‘% =24 x107°% sec™?).

Show that these values imply that the age of the nebula
is not more than 1254 years, in good agreement with the
known age.
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